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| In this talk...
|
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[Dechter and Pearl, JACM 1985]

“An important component of human problem-solving expertise is
the ability to use knowledge about solving easy problems to
guide the solution of difficult ones.” - Minsky _
h(n):Heuristic underestimates the best cost
[Pearl 1983, On the discovery and from a node to the solution
generation of certain Heuristics, FIE
Al Magazine] 0+40

‘The Tractable Islands Paradigm
|
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\Tree Solving is Easy

[Mackworth and Freuder. The complexity of some polynomial network consistency
algorithms for constraint satisfaction problems. AL/, 25, 1985.]
[Ugo Montanaru “Constraint Networks”, 1977]

CSP — consistency
(projection-join)

Mackworth

Trees are processed in linear time and memory
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\Tree -Solving is Easy

(Mackworth and Freuder. The complexity of some polynomial network consistency
algorithms for constraint satisfaction problems. AL/, 25, 1985.)
Ugo Montanaru “Constraint Networks”, 1977

CSP — consistency

Belief updating . (projection-join)

(sum-prod)

| w, /

bl e
Montanarl

Freuder

Mackworth

MPE (max-prod) #CSP (sum-prod)

Trees are processed in linear time and memory
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|Graphical Models - Overview
|

Describe structure and interdependence in a model of the world

“Alarm” network:

. o Pedigree network: genetic inheritance
patient monitoring

SR <

Ae
A

LY

| s

Oil

Test Drill I
cost cost

Test > Oil >
result - produced -

Seismic ¢ Oil /\ Sales/}rket

structure underground cost information
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Bayesian Networks (pearl 1988)

(%uer_ie_s: prediction, diagnosis,
classification, decision making,

Causal inference
P(S)

P(CIS) P(B|S)

CPD:
D=0 D=1
0.1 0.9
0.7 0.3
0.8 0.2
0.9 0.1

(@)
0

P(X|C,S) P(D|C,B)

= = O O
— O~ O

P(S, G, B, X, D)= P(S) P(C|S) P(B|S) P(X|C,S) P(D|C,B)
Conditional Independencics mmp Efficient Representation

P (lung cancer=yes | smoking=no, dyspnoea=yes ) = ?
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\Graphlcal Models

(finite, discrete domains)

Example:
Al B| f(A,B)
A graphical model consists of: Ae{0,1) olo| 2
X = {X17 s ’Xn} -- variables we’ll assume discrete 7 of1| 4
( ' B € {0,1}
D ={Dx,...,Dn} -- domains C e (0,1} 1]o] 3
F ={far, -+, fam - functions or “factors” ’ il
fAB(AaB)v fBC(ByC)

and a combination operator X

Il ”

The combination operator defines an overall function from the factors, e.g.,
p(A7B7C) X fAB(A7 B) X fBC(B7C)

Inference: compute guantities of interest about the distribution, e.g.,

EE::[]:f@ )Qm or 4 = 2{::[]:f&(>Qx) ‘E’

x\a:z

(marginals) (partition function) o 0
Primal graph

ijcai-25 Wlontreal



‘Graphical Models Reasoning Problems
I

* Reasoning: Algorithms for answering queries
Queries: prediction, diagnosis, classification, decision making, causal effects

Causal effects 6tI“ee—Width

Constraint Satisfaction/l%atisfiabiIity

NP
Max-Inference: / fa™) = @' fa(za)
Sum-Inference: / #P
-
Mixed-Inference (MMAP): g
NPPP
Mixed-T\ference (MEU):

Infl [
nfluence diagrams All these tasks are NP-hard

& Model-based / .
Reinforcement & Q/%@ ;K( L ‘ T » exploit problem structure

. Bl o ey - identify tractable cases
Learnin < N _
8 u\\z’\‘ 2 Approximate

Q

ijcai-25 Montreal o Anytime algorithms 9



|Goal: Anytime Algorithms
|

L

e Algorithms that improve with time and will not be hindered by memory constraints
* Error-bounds that get tighter with time

* With enough time we can get an exact solution

* We can trade computational resources for quality in an anytime fashion

ijcai-25 Montreal 10



Bucket Elimination

-

Variational :
methods f., v

[Search o

ijcai-25 Montreal
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Bucket Elimination

Adaptive Consistency [Dechter & Pearl, AlJ 1987]

0.1

N -

-

~

Yo B e

BucketE: E#D, E#xC

BucketD: D=z#A D=C
BucketC: C ;«r&B\>A;«£ C
BucketB: B#A B—lA

1
Bucket A: \contradiction

Complexity: O(n exp(w™)
w*— induced width

jjcai-25 Montreal



\Bellef Updating I@

* p(X | Evidence) =7?

= 3 p(A)pOIA) plelA) pldlb. A) plel?

e,d,c,b
“primal” graph \

YYS‘pc\A 6—0 p(b|A)p p(elb, c)

\\\/ Sogiesiol 2] }

Variable Elimination

August 2025 ijcai-25 Montreal 13
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|Bucket Elimination I@

| Algorithm BE-bel [Dechter 1996]

p(AIE =0)=a Y p(A)p(b|A)p(c|A) p(d|A,b) p(elb, ¢) 1]e = 0]
e,d,c,b

Z H «—— Elimination & combination
b — operators

bucket B:  p(b|A) p(d|b, A) ple|b, )

\ X/ Functions=

bucket C: p(c|lA)  Apoco(A,d,c e) messages,
\/ “——  tensors
bucket D: /\CHD(? d, e)

bucket E: 1[E =0]Ap_E(A,e)

\/ W=

bucket A: Tog—sinl “induced width”

(max clique size)
P

p(AlE =0)=p(A,E=0)/p(E =0) For Map replace sum with max

ijcai-25 Montreal 14




‘Complexity of Bucket Elimination;

Bucket Elimination is time and space
O(r kv (@)
w (d) — the induced width of graph along ordering d

r = number of functions

The effect of ordering:

[Kask, Lam,

) Won tw 2014]

Otten

“Moral” graph W (dl) — 4 w (dz) =2 ﬂ
cete Finding the smallest induced width (w*) is hard! cefens 2
[Gogate, Dechter, UAI 2004] [Kask, Gelfand, Otten, Dechter, AAAI 2011] ®

=&
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‘Bucket Tree EllmlnathDg /
(O

PAIE =0)=a S p(A) p(b|4) p(c|4) p(d|A,b) p(elb, ) Le = 0 '

e,d,c,b ) . ;
View elimination @ G
as messages on a E

E: p(E|B, C)]l[E — O] bucket tree B.C.E
D: p(D|AaB)\\ D( ABD {B,C} \)\E
C
c: p(Cl4) Ae(B,C) {A,B}\/\D /A’B’C
T {A,/B}/'

B: Ap(A,B) p(B|A) Ac(A,B) B( AB TB—C

N N \TaoB
A:  p(A) A\p(A) (A}

A A
Z = p(E=0) Can pass messages both ways:
= P{E= p(O’|E:O) O(p(CIA) )\E(B,C) 7I'B_>0(A,B)

ijcai-25 Montreal 16
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In summary:
The Tractable Island of Tree-Decomposition; treewidth (w)

Treewidth=induced-width

Tractable island bounded induced-width

Inference (variati

algorithm:
Time: O(k™) treewidth (W)=4-1 =3
Space: O(k") treewidth (w) = (maximum cluster size) - 1

Solved by Inference algorithms (BE):
But, memory is the bottleneck

ijcai-25 Montreal 17



Mini-Bucket Elimination

-

Variational
methods y., ‘?

[Search o

ijcai-25 Montreal 18




Mini-Bucket Approximation @

For optimization (max-product)

P [Dechter & Rish, JACM 2003]

mini-buckets

" Rish — T
ucket B: a,b ’ A ‘ ’ A ‘
bucket B: M\) /( T ) s F.d) fbe)
u . Jle,a) fle, P
bucket C: J (‘\)']:(l / i flc,a) flc,e) Apcola,c)
bucket D: f@A)\AD_fa(a,e) /f(a,,d) AB—p(d,e)
bucket E: Ac—p(a,d,€) l \ l
IAC%E(G,E) Ap—Eg(a, e),
/

lf(a) AEA (a.)

U = upper bound

Easier problem

W(d)=2 Relaxing the problem into an easy one
19



Generating solution from Mini-Buckets

For optimization (max-product)

mini-buckets

— T
1 bF = arg max f(a*,b)- f(b,c*) ; ’f( b)*f({) )\ ’f(b d)Af(b )\
. a? 7C Y 76
f(bvd*) f(ba €*> ! \: | ,
¢’ = argmax f(c,a”) - f(¢,e") - Ap~c(a”, c) © Jloa) flo o) saclag)
D: f(a,d) )\B—>D(d7 6)
d* = argmax f(a°,d) - App(d,") —
e” = argmax Acg(a’,e) - Apoge(a”,e) . ‘)\C%E@iﬁ el
a® = argmax f(a)- Ag_a(a) A: lf(a) >\E—>A(al)

&

U = upper bound
Greedy configuration = lower bound P

ijcai-25 Montreal 20



Mini-Bucket Properties

* Yields upper or lower bounds
*  Complexity:

The i-bound, user control — O(r exp(i)) time and space.

* Accuracy: determined by

_ Upper/Lower bound.
i-max due to memory

< 1=20 * i-bound as a tuning parameter: as
m————— o i-bound increases, accuracy and
complexity increase.

* i-bound selects tractable island

*  Further tightening by variational
bounds, cost-shifting methods,
weighted mini-bucket [liu and Ihler,

time ICML, 2011],[Ihler, Flerova, Dechter &

Otten ,UAl,2012]

Potential use of mini-bucket: = 3 ===
* As anytime algorithms (?) o T N
M M M \\:\ . J'3. i=1 e i=11
* As heuristics in search e Lo | = e TN
SR g i
ijcai-25 Montrea| s % ] e L ge




AND-OR Search

ijcai-25 Montreal
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| Traversing the Probability Tree
|

P(a,e=0)=P(a)Y P(b|a)) P(c|a)d P(d|a,b)) P(e|b,c)

3
P-t-.=.|l:,.:1nB P(a)P(bla)P(cla)Pidla,b)P elb.c)

Brute-force Complexity: O(exp(n)), linear space
Same as counting solutions

ijcai-25 Montreal 24



Potential Search Spaces

[Dechter & Mateescu, AlJ 2007] pseudo tree
AlBlf,| [Alc|f,| [A[Ef| [A[F]f,] [B]C[f| [B[DIf| [BIE[f,]| [c|D[fs| [E[FIf,
olo[2][o]o]|3]|[o]o]o][o]o]2]|o]ofo][o]o[a][o]o]3]|[o]o]1][0]0]1
o[1][o] [o[1]o]|[o]1]3][o]2]o][of2]a]|[o]2]2]|[0]2[2]|0[1]a]|[0]1]0
1lofa][1]ofo][1]o]2]|[1]ofo][2]o]2][2]o]a]|[1]ofa][1]0]0][2]0]0
1{afa][a]afa][a]a]o| [2]a]2][2]a]a][2]2]o] [2]2]0][2]2]0][2]1]2

Full OR search tree

126 nodes

OR (»)
o] [1]

OR () ()

B 1] 9] A] . h

x © O © O © O © B Size O(n k")
ol I [ @ [P [EH [0 [ mnmnmnmn i

v O0OOE ®©OOEOE 00O E @©®6 ¢ till requires only linear memory
o[l o] [z][e][z][o][z] [o][zl[o][z][e][x][o][z] [o][x][o][x][e][x][o][x] [o][x][o][z][o][x][o][x]

Full AND/OR search tree

k = domain size
h = height of pseudo-tree
n = number of variables

August 2025 ijcai-25 Montreal w*= treewidth 25

54 AND nodes



Potential Search Spaces (i

I\/Iateescu

i l=1=1p "]
RO Olm

= =1p"]
Sll=l2l=1e]
= =1p"]
R OoOlRr|(lom
= =1p"]

T m O N0 m >

el —

OR

OR

OR

OR

OR tree

atext minimal OR search graph

Size/time O(k™)

28 nodes

memory O(n)

Context minimal AND/OR search graph

Full AND/OR search tree
18 AND nodes
54 AND nodes
Any query is best computed

ijcai-25 Montreal Over the c-minimal AO search space27



‘Searchmg AND/OR Tree (DFS or BFS)

(Probability of eV|dence)

P(E| A,B) P(B| A) P(C| A) P(A)
A[B[E=0[E=1] [A[B=0]B=1] [A[C=0[c=1] [A]P(A)
olo[ .4 [ 6 0] 4 | .6 o 2 [ 8 0] 6
0 5 [ .5 i 1] .9 1 7 [ 3 1] 4 9
ylo| 7 [ 3
1/1) 2 | 8 Result: P(D=1,E=0)
Evidence: E=0 ¥
OR 24408 (A)
.6 4
3028 o] 1559 [1]
OR 3028 (B) 1559 (B)
4 .6 d .9
.352 [o] .27 [1] .623 0] .104 [1]
orR |.4(E) .88 (¢ 5 (E) 54 (¢ 7 (E) 89 (¢ 2 (E) 52 (¢
4 .2 .8 5 2 .8 7 ! 9 2 o ! 9
o] [] .8 [o] 1] .9 o] [] .7 [0 1] .5 o] [] .8 [o] 1] .9 o] [1] .7 [o] 1] .5
OR 8 (D) OE 7 (D) (p) s 8 (D) (D)9 7 Q (D)5
.8 9 .7 .5 .8 9 .5
o] [ [of [ [o] /1] [o] [1] o] [1] [of [1] [o] Il o] []
P(D|B,C)
B[c[D=0][D=1 OR node: Marginalization operator (summation)
olo] 2 | 8
e AND node: Combination operator (product)
1(1] 5| 5

29Evidenc'e: D1 Value of node = updated belief for sub-problem below

IjCal



robability of evidence)

‘Searching AND/OR Graph gDFS or BFS)
I

P(E|4,B)  P(B|A) P(C| A) P(A) @ Context
A[B|E=0|E=1 A|B=0|B=1 A[C=0|(C=1 A |[P(A) .~ N
0/0| 4 .6 0| 4 .6 0] .2 .8 0| .6
0|1| .5 .5 1| .1 9 1| .7 .3 1| 4
1|0 .7 .3 e
1)1 2 | .8 Result: P&D=1,E=0)

Evidence: E=0
.24408 G Q

0 1559 |1

.5
. .-9 . 7 ..5
B[C| Vvalue | o] [1] o] [1] o [q o [ P(D|B,C)
0|0 .8 4: B|C|D=0|(D=1
0|1 .9 0/(0] .2 .8
1.0 -7 o[1] 1 [ .9
1L 1(o] 3 | .7
Cache table for D 11| 5 | 5
Evidence: D=1

ijcai-25 Montreal 30



|Searching AND/OR Graphs
|

* AO(j): searches depth-first, cache j-context

— j = the max size of a cache table (i.e. number of
variables in a context)

j:O j j=W*

>
Space: O(n) \ Space: O(exp w*)
Time:  O(exp(w* log n)) Time:  O(exp w¥)

Space: O(exp(j) )
Time: O(exp(m_j+j)

J-bound tunes time vs memory, smaller search spaces require more memory and less time.

ijcai-25 Montreal 31



i
‘Rina Dechter —Deep Learning Pioneer
I

[Florencia, Grattarola, Medium, 2018] ©

[Rina Dechter “Learning while searching in constraint-satisfaction problems”, AAAI 1986.]

Deep learning as a Conflict-Directed Learning. (CDL)
The idea behind CDCL (Conflict directed Clause Learning) for Boolean SAT solving

Meiri

Ben-
Eliyahu

Frost

Schwalb

ijcai-25 Montreal 32



|AND/OR Search and Bucket Elimination
|

'AND/OR SearchM

e

PPPPPPPP

DDDDDDDD
ok B
F-B
/1 [CKLNi (E) rchasr’ ory
M M M

[AF]

Bucket Elimination

(CKHABEJLNODPMFQG) ijcai-25 Montreal 33



AND-OR Search Heuristic
With Mini-Bucket

ijcai-25 Montreal



E

D

C

Given a partial assignment,

“cost to go”:

“cost so far”:

[Kask, Dechter, AlJ 2001]

[Aa=1¢6=0]

\Search Guided by Mini-Bucket Heuristics

(weighted) mini-bucket gives an admissible heuristic:

o

¥

@@@@@@@Eﬂ@@@[ﬂ@@

B @m@m@m@m@m@m@m@mmnmn@m@m@m@m@m@m

h(a,é,D) = Aq_p(4,8é)
+ £(&,D) + A5_p(D, &)

9(a,é,D) = f(A = a)

For MAP, rmg_rzgi,\%

A

mini-buckets

— T

A

. bucket B: (f(a,b) f(b, CS

;k<b,d> f(b,eﬂ

Y
bucket C: Az_.c(a,c) f(c,a) f(c,e) \

|

fffffi?i——"””"'\ F(a,d) 25-.p(d, )

o — v
bUCk : /’{C—>E (a, e) /1D—>E (Cl, 8)
—t | ;

v
bucketAi_—f(@) s4(c)

/ \

bound

‘map and partition function .



| Search Guided by Mini-Bucket Heuristics
|

* Desiderata, meaningful confidence interval, responsive, complete

*  Winning frameworks: search, (or sampling) guided by heuristics
generated via tractable islands.

A

1 bucket B: ff(a, b) f(b, c3 (f(b, d) f(b, e)\
| J | J

/
bucket C: Az_.(a,c) f(c,a) f(c,e)
| |

[

]
bucket D: f(a; d) AB—)D (d, e)/
[ 7 J
v v
bucket E: AcsE (CL, e) ApSE (CL, e) /| St e
l / l I Bou error
|
bucket A: fla) Ag_a(a) ,
{ J I v

\ . .
4 time

36



‘Search Guided by Mini-Bucket Heuristics

* 2007-2020 we developed Advance AND/OR Heuristic search for

* Map & m-best
* Marginal Map,

e Partition function

* MEU.

* Algorithms tuned by i-bound (mini-bucket), j-bound (search space) with caching,
* |llustrated anytime performance

Max-Inference:

Sum-Inference:

Mixed-Inference (MMARP):

Mixed-Inference (MEU): MEU = Dlual\) Z H B;) Z
el Xn PP ri€ER

ijcai-25 Montreal
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Anytime Bounding of Marginal MAP

[UAI'14, 1JCAI'15, AAAI'16, AAAI'17, (Marinescu, Lee, Ihler, Dechter)]

[Otten & Dechter, Al Communications, 2012.]
— [Flerova, Marinescu & Dechter, m best, JAIR, 2015,

“Weighted heuristic search” Math&Al, 2016
Flerova
[Lam,Kask,Larrosa &Dechter. Residual-Guided Look-Ahead, JAIR 2015]

Otten

Marinescu Lee

Lam
i-bound =12 i-bound = 18
Hard Grld 90 30 5 (N 900 F_900 K-2 S 3 Wc=246) |bound—12 Hard Grld 90 30 5(N 900 F_900 K_2 S_3 Wc_246) lbound_18
L ; B0 g —— b
i 5 aa waobf — Iaobf 5 | s . 5 __________ =om waobf v v Iaobf ]
: e==e waobf-rep === aaobf| : I ! e==¢ waobf-rep s==e aaobf| §
71 SO SR T S S e N OB LR 5 e==s Wwrbfaoco 3 I
: ; : : : ; E : . : [
: E I
: L 0 -
: I i}
- : [5 — |
= . . =
) 1| ISR SO (S S s - ST s e S - L o |
3 : g 3 : : : : : Y : I
3 ; : : : : : k & —50 : ; : . T e -
L e e 7 s S| S I L i -
[‘ 'I
—150 o 1 —— K
o ¥ ~100 oo
i I
—200 |- --U- . : ¥
: : : : 2 hr time I:an : 1 ; ; : :2 hr time ll;'n?t
MEPEETTTY B ..u.:l P .;.mi P “uui P 1|1u|i P .l N l..l P —150 |-, ‘.‘;'fﬁf;i"'.”.‘f.‘.‘..‘.i"".".'.'.‘.'Ji.fl[‘".".‘.‘I.'.i.i"'.“;'.‘.‘I.i:i"'.";‘?'.'.'..1” .[Jl
-4 107 1072 10° 10! 102 103 10* 10~ 3 1072 191 10° 10! 10? 103 m‘
log (CPU time) sec log (CPU time) sec
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Sampling

Z = ZHfa(on)

Variational
methods

[Bidyuk &Dechter, Cutset Sampling, JAIR 2006]
vaes Lo [Gogate & Dechter, SampleSearch, AlJ 2007]
Gogate Bidyuk [Gogate & Dechter, AND/OR Sampling, 2012]

A
wi

[Lou, Dechter, lhler, Dynamic IS, Neurlps, 2017]
- Anytime AnySpace, AAAI, 2017
- AAAI 2018, UAI 2018,

9
~ q(-|ABC = 010)

ijcai-2 Montreal 39



AND-OR Abstraction Sampling

ijcai-2 Montreal



| From Sampling to Searching

I [F|IJor Pezeshki, Kask, Ihler &Dechter, UAI 2018, AAAI 2020, UAI 2024]
' ’,r A

Kask  Filjor Pezeshki 'h|er 2-config-subtree sampling

Importance sampling

\/

/ estimate Z estimate

Z estimate

|

More searching less sampling
11
-




From Searching to Sampling

| similar
* Merge nodes that root identical subtrees

Abstraction: a partition of nodes
Into sets, of similar nodes.

Original Space abstraction Space
a(s)

yimpled subtree 2

Search: as a license to merge nodes that root similar subtrees, compact representation
Statistics: Stratified sampling. Reducing variance 2



| Example, Abstraction Sampling

Original Space abstraction Space
a(s)
0.6 0.4 p=2/2
A=0 | =1 A=1 w=1
0.3 0.7 0.1 0.9
A=0 A=0 A=1 A=1
B=0 wel B=1| -2 B=0| w=2 B=1|w=1
0.2 0.8 0.4 0.6

Z.. = 4%(0.6*0.7*0.8) +
4*(0.4*0.1*0.6) =1.44

A
B
C

i mn
o -0
O >
mn
o o -

w=23 Wl 2



Abstraction Sampling - AND/OR

| Input: Abstraction function a, a sampling proposal p.
d Traverses AND/OR search tree breadth-first
O Compute estimate Z

OR

OR

OR

OR

Z = 3784

(d) Full AND/OR search (e) Probe - AND/OR
tree

ijcai-25 Montreal 45



| Proposal and Abstraction Functions
I

* Proposal distribution
PR PIC | 1C0)| G | D

Sea, w(m)-g(m)Nu(m)-r(m)

p(n)

Mini-bucket heuristic

* Abstraction functions

Context-based abstractions, graph-based
Relax context, Randomized relax context

Value-based abstractions.

Guided by a real heuristic h function
simpleHB, minVarHB (proved superior among a selection)

ijcai-25 Montreal 46



Results

* Theory:

* Abstraction Sampling is unbiased.
* Size of a probe/sample: O(nm) (n = #variables, m = # abstractions)

* Empirical
* More abstract states per layer is better.
«  Value-based abstractions are superior.
* Random abstractions are highly competitive

* Abstraction Sampling is highly competitive against state-of-the-art.

iB-5, t-300sec, Exact DBN Grids Pedigree Promedas
Scheme Fail Avg. Error Fail Avg. Error Fail Avg. Error Fail Avg. Error
WMB-IS 0 1569 . . .
uepss o 231 [ 0 293 I 0 030 | 0 015 |
DIS 0 876 ] 0 790 ] | 6 437 E 3 419 B
AS +equalDistQB | 0 0.13 | 0 175 O 0 013 | 0 044 |
AS + RAND 0 0.10 | 0 150 [ 0 0.14 | 0 051 |
iB-10, t-1200sec, LARGE DBN Grids Linkage-Type4 Promedas
Scheme Fail Avg. Error Fail Avg. Error Fail Avg. Error Fail Avg. Error
WMB-IS 14  172.21 ; [ 67 . 200 18.
1JGP-SS 0 220 | 10 62463 M 1| 0 60.74 I 0 1711 1
DIS 0 46.45 EI 0 151.07 E | |ea 734 B
AS +equalDist@B | 0  1.64 | 0 18.87 | 5 248 [
AS + RAND ol 212 | 0 19.05 | 10 3.94 []




| Conclusion and ...
|

* Publications:
http://www.ics.uci.edu/~dechter/publications.html

* For software see:
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